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ABSTRACT. $(G_{\mathrm{R}}, K_{\mathrm{R}})=(U(p,p),$ $U(p)\cross U(p))$
$U(r, s)$





$G$ $\mathbb{C}$ reductive $1X$ ( )
Definition $1.1_{=}(1)$ $G^{\wedge}X$ $X$ (spherical variety)
Borel $B\subset G$ $X$ $B$
$\exists x\in X$ $B\cdot x\subset X$
(2) $G$ $H$ (spherical subgroup) $G/H$
$G$ Borel $B$ $B\cdot H\subset G$
Example 12.
(A) : $\sigma$ : $Garrow G$ $H=G^{\sigma}$ ‘
$H$ $G/H$
$H$ reductive $G/H$







(B) : $P\subset G$ $P$
$X=G/P$ 2
(C) : $G$ $V$ $\mathbb{C}[V]\simeq$
$S(V^{*})$ $G$ $\mathbb{C}[V]$ $V$








$\mathrm{a}\mathrm{d}x:\mathfrak{g}arrow \mathfrak{g}$ $x$ $G$ $\mathrm{A}\mathrm{d}G\cdot x\subset \mathfrak{g}$
0 $\mathbb{C}[\mathfrak{g}]_{+}^{G}$
$3\text{ }$ (nilpotent variety)
null cone
$N(\mathfrak{g})$
Theorem 1.3. $N(\mathfrak{g})$ $G$
$N(\mathfrak{g})$ $G$ $G$ ( )
$G$
Example 14. [CM, \S 5.1]





(B) : $G=O_{n}(\mathbb{C})$ $G\subset GL_{n}(\mathbb{C})$ $\mathfrak{g}\subset M_{n}(\mathbb{C})$
$x\in \mathfrak{g}$




$n=2m$ D $O_{2m}(\mathbb{C})$ $SO_{2m}(\mathbb{C})$
Young (very even case)
$O_{2m}(\mathbb{C})$ $SO_{2m}(\mathbb{C})$ $O_{n}(\mathbb{C})$ $SO_{n}(\mathbb{C})$










) $G$ ( ) (7 )
“ ”
[V1], [BK], [NOT], [HL], [NZ1]
$G$ $G$
Panyushev $[\mathrm{P}, \S 2]$
Theorem 1.5(Panyushev, McGovern).
(1) $n$ $[n^{e_{n}}\cdots 3^{e_{3}}\cdot 2^{e_{2}}\cdot 1^{e_{1}}]$
$G$ $\}_{\grave{\mathrm{J}}}\ovalbox{\tt\small REJECT}_{\mathrm{I}}\mathrm{J}$ $\ovalbox{\tt\small REJECT}\{+$
$GL_{n}$ $[2^{k}. 1^{l}]$ $k$ , $l\geq 0$ ; $2k+l=n$
$Sp_{2n}$
. .
$[2^{k}. 1^{l}]$ $k$ , $l\geq 0$ ; $2k+l=2n$
$O_{n}$ $[3^{\epsilon}. 2^{k}. 1^{l}]$ $\epsilon=0$ , 1; $k\geq 0$ : even ; $3\epsilon+2k+l=n$
(2) reductive $G$ $\mathbb{O}$ $(\mathrm{a})-(\mathrm{c})$
(a) $\mathbb{O}$
















$\mathfrak{g}$ ( ) $G,$ $G$ $\mathrm{t}$ $K$
G , $K_{1\mathrm{R}}$ $4\text{ }$ $K$ $\epsilon$
$N(\epsilon)=N(\mathfrak{g})\cap\epsilon$ 5 .
K’ $N(\epsilon.)$ $N(\epsilon)$ $K$
Kostant-Raffis
$N(5)$ $K$ $K$
(spherical nilpotent orbit) $G$ $K$
Example 21. (1) {0}
( 49 )
(2) ( $=$






Theorem 2.2. $\Phi=\mathrm{A}\mathrm{d}$ $G\cdot x$ $x\in \mathfrak{g}$ $G$ $\epsilon$




(signed Young diagram) $G$ Jordan
( $=\mathrm{Y}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{g}$ ) 5
[CM]
$U(p, q)$
Example 23. $G_{\mathrm{R}}=U(p, q)$ $\text{ }\mathfrak{g}=g\mathrm{I}_{p+q},$ $\mathrm{t}=\mathfrak{g}l_{p}\oplus \mathfrak{g}1_{q}$ $\epsilon=M_{p,q}\oplus M_{p,q}^{*}$









$n=p+q$ $G$ Young $\lambda=(\lambda_{1}, \ldots, \lambda_{n})$
5 $K$
Young
(i) $+$ $p$ $q$
(ii) $+$




Problem 24. $N(\epsilon)$ $K$ $K$




(c) $\overline{\mathbb{O}}$ $\mathbb{C}[\overline{\mathbb{O}}]$ $K$
(2) $\mathbb{O}_{1}$ , $\mathfrak{G}$
$\overline{\mathbb{O}_{2}}\supset\overline{\mathbb{O}_{1}}$
$\mathbb{O}_{1}$
Proof. (1) (a) (b) (b) (c) [$\mathrm{K}$ , Th. 3.1]






FIGURE 1. $U(3,2)$ $K$
3. : $U(p,p)$
Theorem 3.1. $U(p,p)$ $K$ Young
Young 23 $(\mathrm{i})-(\mathrm{i}\mathrm{i}\mathrm{i})$














$U(p, q)$ $U(p, q)$
(1), (2)
4. $U(p, q)$
I reductive dual pair $(G_{\mathrm{R}}, G_{\mathrm{R}}’)=(U(p, q),$ $U(r, s))$ Howe dtial
pair
$Sp(2(p+q)(r+s), \mathbb{R})$ ,,
$(\epsilon, \epsilon’)$ double fibration $\mathfrak{g}=\mathrm{e}\oplus\epsilon$ G
Cartan $G_{\mathrm{R}}’$ $\mathfrak{g}’=\mathrm{e}’\oplus\epsilon’$ $G_{\mathrm{R}}$
’
$(G_{\mathrm{R}}, G_{\mathrm{R}}’)=(U(p, q),$ $U(r, s))$
$W=M_{p+q,r+s}$ $(p+q)\cross(r+s)$
$X\in W$ $(p, q)\cross(r, s)$
$r$ $s$
$W=M_{p+q,r+s}\ni X=$ $(_{C}^{A}+_{D}^{B})_{q}^{p}$
$K\cross K’=(GL_{p}\cross GL_{q})\cross(GL_{r}\cross GL_{s})$ $W$
$((k_{1}, k_{2}),$ $(h_{1}, h_{2}))\cdot(\begin{array}{ll}A BC D\end{array})=(\begin{array}{ll}k_{1}A{}^{t}h_{1} {}^{t}k_{1}^{-1}Bh_{2}^{-1}{}^{t}k_{2}^{-1}Ch_{1}^{-1} k_{2}D{}^{t}h_{2}\end{array})$
$((k_{1}, k_{2})\in GL_{p}\cross GL_{q},$ $(h_{1}, h_{2})\in GL_{r}\cross GL_{s})$




$\epsilon=M_{p,q}\oplus M_{q,p}$ $M_{r,s}\oplus M_{s,r}=d$
$r$ $s$
$M_{p+q,r+s}\ni X=$ $(_{C}^{A}+_{D}^{B})_{q}^{p}$
$\varphi(X)=(A{}^{t}C, D{}^{t}B)\in M_{p,q}\oplus M_{q,p}$
$\psi(X)=({}^{t}AB,{}^{t}DC)\in M_{r,s}\oplus M_{s,r}$
Proposition 4.1. $\varphi,$ $\psi$ $\varphi$ : $Warrow\varphi(W)\subset 5$ $K$
$K’$ $\psi$ $K’$ $K$
$s,\epsilon’$ $K,$ $K’$
5 $K’$ $\varphi$ $K\cross K’$
$\psi$
[O2], [O3], [NZ1], [NZ2]
Lemma 4.2. $\varphi(\psi^{-1}(N(\epsilon’)))\subset N(\epsilon)$
(theta lifting) stable range
Assumption 4.3. $(G_{1\mathrm{R}}, G_{\mathrm{R}}’)=(U(p, q),$ $U(r, s))$ $r+s \leq\min\{p, q\}$
$\text{ }$ stable range ([L])
Theorem 4.4. $(G_{\mathrm{R}}, G_{1\mathrm{R}}’)=(U(p, q),$ $U(r, s))$ stable range $\text{ }$
$K’$ $\mathbb{O}\subset N(\epsilon’)$ $K$ $\mathbb{O}\subset N(\epsilon)$
$\varphi(\psi^{-1}(\overline{\mathbb{O}}))=$ $\mathbb{O}$ $\mathbb{O}$ (theta liffi)
theta lift Young





( 23 $(\mathrm{i})-(\mathrm{i}\mathrm{i}\mathrm{i})$ )
Example 46. $U(2,1)$ $U(4,4)$
$|_{\dotplus}^{\dotplus}.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot|^{-1}.\cdot\cdot..\cdot.\cdot\cdot..\cdot\cdot$
. $lhel‘ \mathit{1}/if^{j}$
( $G_{\mathrm{R}}$ , G\mapsto $\mathbb{O}$
$\mathbb{O}$ theta lifting
$\mathbb{O}$
$\mathbb{O}\subset N(s)$ $\lambda=(\lambda_{1}, \ldots, \lambda_{n})(n=p+q)$
$\mu={}^{t}\lambda$ Young
$\mu_{1}$ Young ( $=$ )
Lemma 4.7. $\mathbb{O}\subset N(\epsilon)$ stable range
$(r, s)$ theta lift $\mu_{1}\geq\max\{p, q\}$
$\mathbb{O}arrow \mathbb{O}$ theta lift
C[ ]\Leftrightarrow C[--O’]
Theorem 48(Zhu-N). $r+s \leq\min\{p, q\}$ $\mathbb{O}arrow \mathbb{O}$ stable range
$\mathbb{C}[\overline{\mathbb{O}}]=$
$\sum_{\alpha,\gamma\in P_{\mathrm{r}},\beta,\delta\in P_{s}}\oplus \mathrm{H}\mathrm{o}\mathrm{m}_{K}’((\tau_{\alpha}^{(r)*}\otimes\tau_{\gamma}^{(r)})\otimes(\tau_{\beta}^{(s)}\otimes\tau_{\delta}^{(s)*}), \mathbb{C}[\overline{\mathbb{O}’}])\otimes(\tau_{\alpha-\beta}^{(p)_{*}}$.
$\tau_{\gamma-\delta}^{(q)})$
( $K=GL_{p}\cross GL_{q}$- $K’=GL_{r}\cross GL_{s}$ )
$P_{k}$ $k$ $GL_{m}(m\geq k)$
$\tau_{\lambda}^{(m)}(\lambda\in P_{k})$ ( )
${ }$ $\alpha\in P_{r},$ $\beta\in P_{s}$








$\mathbb{O}=\{0\}$ theta lift $\mathbb{O}$ $\mathbb{C}[\overline{\mathbb{O}}]=\mathbb{C}$
$\mathrm{H}\mathrm{o}\mathrm{m}_{K’}((\tau_{\alpha}^{(r)*}\otimes\tau_{\gamma}^{(r)})\otimes(\tau_{\beta}^{(s)}\otimes\tau_{\delta}^{(s)*}), \mathbb{C}[\overline{\mathbb{O}}])=\{$








Theorem 4.10. $G\text{ }=U(p, q)$ $\mathbb{O}\subset N(\epsilon)$ stable range
( 47 ) $\mathbb{O}$ $\mathbb{O}$ Jordan
$[3^{\epsilon}\cdot 2^{k}\cdot 1^{l}]$ $\epsilon=0,1;k,$ $l\geq 0;3\epsilon+2k+l=p+q$







G , $G,$ $K$ [ 2 $B_{K}\subset K$ $K$ Borel
Lemma 5.1. $K$ $\mathbb{O}$ $\dim \mathbb{O}\geq\dim B_{K}$ $\mathbb{O}$
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Lemma 5.2. $G_{\mathrm{R}}=U(p, q)$ $K$ $\mathbb{O}$ $\mathbb{O}$ Jordan
$\lambda_{\text{ }}\mu={}^{t}\lambda$




( [CM, Th. 6.13] ) $\text{ }$ 22 2 $\dim \mathbb{O}.=\dim \mathbb{O}^{G}$
$\text{ }$ Borel $K=GL_{p}\cross GL_{q}$ ,‘
$\dim B_{K}\mathrm{A}\mathrm{a}_{\text{ }}=p(p+1)/2+q(q+1)/2$
Corollary 53. $G_{\mathrm{R}}=U(p,p)$ (i.e., $p=q$) $\lambda 1\backslash \llcorner$ $p\geq 3$ stable range
theta lift $K$
.
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